SOME INEQUALITIES FOR COMPLETE ELLIPTIC INTEGRALS 



LI YIN AND FENG QI 



Abstract. In the paper, by using Lupas. integral inequality, the authors find 
some new inequalities for the complete elliptic integrals of the first and second 
(-H _ kinds. These results improve some known inequalities. 
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1. Introduction 

Legendre's complete elliptic integrals of the first and second kind are defined for 
. real numbers < r < 1 by 

U : r /2 i r 1 i 

A ■ n(r)= / =&t= / dt (1.1) 

£ ■ Jo Vl-r 2 sm 2 t Jo y/(l-t*)(l-rH*) 

and 



O 



r(r) = / VI -r 2 sin 2 /j d< = / W— — 

Jo ./o * 1 — t 



(1.2) 



respectively. They can also defined by 

m ■ K (r,s)= dt (1.3) 

OO ' Jo \fr 2 cos 2 t + s 2 sin 2 f 

and 

ff/2 



e(r,s) = 



f 1 i 

/ Vr 2 cos 2 t + s 2 sin 2 /j dt. (1.4) 
Jo 



(T) ■ Letting r' = yl — r 2 . We often denote 

k (r) = «(r ) and £ (r) = e(r ). 
These integrals are special cases of Gauss hypergeometric function 

F(a,6;c;x ) = £^M)f; ) 
03 _. ^ (c,n) n! 

where (a, n) = Ilfe=o ( a + ^)- Indeed, we have 

n(r) = ~F\ -, -; 1: r 2 ) and s(r) = -F\ --, -: 1: r : 
w 2 V 2 2 / 2 V 2 2 

For more information on the history, background, properties, and applications, 

please refer to [4, 5] and related references. 

Recently, some bounds for e(r) and n(r) were discovered in the paper [8]. For 

example, Theorem 1 in [8] states that, for < r < 1, 

7T 1 (1 + r) 1 ^ , , 7T-1 1-r 2 1 + 7- , . 

In -. -r— < e(r) < 1 In . (1.5) 

2 2 (1 -r) 1+r K ' 2 4r 1-r V y 

For more information on inequalities of complete elliptic integrals, please refer to [1, 
2, 3, 9] and a short survey in [10, pp. 40-46]. 
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Motivating by the double inequality (1.5), some estimates for e(r) in terms of ra- 
tional functions of the arithmetic, geometric, and roots square means were obtained 
in [7, 11, 12]. 

The aim of this paper is to establish some new inequalities for the complete 
elliptic integrals. 

2. Lemmas 

In order to prove our main results, the following lemma is necessary. 
Lemma 2.1 (Lupas, integral inequality [6, p. 57]). If f',g' G L 2 [a,b], then 



— [ f(t)g(t)dt--^— [ f(t)dt-^— [ g(t)dt 
' - a J a b-a J a b-a J a 



where 

ll/'L = (/ |./"Wf dt) ' and \\g\ = [J | 5 'W| 2 dt) ' . 
3. Main Results 

Now we are in a position to find some inequalities for complete elliptic integrals. 
Theorem 3.1. For r e (0, 1), we have 

7iV6 + 2v / i _r ^ 3 - 3r 2 , . Tr^lO - 2A/T - - 5r 2 . . 

ivf - e(r) - m • (3A) 

Proof. Taking 

f(t) = g(t) = Vl - r 2 sin 2 t 
and letting a = and b = ^ in Lemma 2.1 yield 



2 f n / 2 4 

- / (1 -r 2 sin 2 i)dt- — e 2 (r) 

7T Jo 7T 



2-r 



< 1 p ^ sin^ cos 2 1 = 1 r/ r4 gin2 cQg2 E r2 „ gin2 „ 

~ 2tt ./„ 1 - r 2 sin 2 t 2n J ^ 



where, by 



for i € N, 



^ 2 r 4 sin 2 tcos 2 i , 1 r /2 
5 ■ 2 dt = 7T 

- r 2 sin t 2ir J n=Q 

= _L ^ jT * r 2 «+4( sin 2 «+ 2 t _ sin 2 «+4 £) dt = h(r), (3.2) 

^ (2n+l)!! r 2 "+ 4 
W 2_, (2n + 2)!!2n + 4' 



n=0 

A direct calculation yields 



_ ^ (2n+l)!! _ - (2n+l)H _ / 1 _ 

/lW -^ n (2n + 2)!! r - r A.(2n + 2)!! r "^vT^ T 2 



n=0 v ' n=0 

where we used 



TT^ 2 " ^ n (2i)» 
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Hence, we have 

h(r) = h(0) + / h'(r) dr = 1 - yjl-r 2 - 
Jo 

Substituting this equality into (3.2) gives 



(3.5) 



This means the double inequality (3.1) 



2-r 2 



1 a/T - T 2 r 2 
"I 4 ~8~' 



□ 



Remark 3.1. By the well-known software Mathematica, we can show that 

(1) the left-hand side inequality in (3.1) refines the corresponding one in (1.5); 

(2) the right-hand side inequalities in (3.1) and (1.5) are not contained each 
other; 

(3) when r € [j, |], the right-hand side inequality in (3.1) is better than the 
corresponding one in (1.5). 

Theorem 3.2. For r G (0, 1), we have 

W32 - r 4 - 32r 2 



8^2 {/(l - r 2 ) 3 



< K{r) < 



TiVr 4 - 32r 2 + 32 



8v / 2\/(l-r 2 ) 3 



(3.6) 



Proof. Taking 



/(*) - 9(t) 



\J\ — r 2 sin 2 t 



and letting a = and 6 = \ in Lemma 2.1 lead to 



2 /" r/2 1 
7r J 1 — r 2 si 



dt-—K 2 (r) 



sin i 7r 



- / Vr 2 "sin 2 "tdt 



J 2 (r) f^ ^'^V 2 " 



7T 



n=0 



(2n)!! 



n=0 
1 



< 



1 r /2 r 4 sin 2 t cos 2 * 



(l - r 2 sin 2 t) 
- / r 4 sin 2 tcos 2 t V (n + 2)(n+ l)r 2n sm 2n tdt 

8? (n+2)(n+1)r + 



2n + 4 = 32 P(r) 



where 



^ (2n + 2)(2n+l)!! 
R ' ^ (2n + 2)!! 



n=0 



satisfies p(0) = 0, 



/■r 00 

/ p(r)dr = ^] 
J o n=0 



(2n+ 1)!! 
(2n + 2)!!'' 



,2n+2 _ 



- 1, 



and so 



p(r) = 



V(l - r 2 ) 3 



Consequently, we find 



< 



32^(1 -r 2 ) 3 ' 



(3.7) 



(3.8) 
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The double inequality (3.6) follows. 
Theorem 3.3. For r > and s > 0, we have 



7r / 8rs(r 2 + s 2 ) — (s 2 — r 2 ) 2 



rs 



< e{r,s) < - 



7T 8rs(r 2 + s 2 ) + {s 2 - r 2 ) 2 



rs 



□ 



. (3.9) 



Proof. Taking 

/(*) = 9{t) = V r 2 cos 2 t + s 2 sin 2 t 
and letting a = and b = ^ in Lemma 2.1 reveal 



2 I" 77 / 2 4 

- / (r 2 cos 2 t + s 2 sin 2 t)dt 7;e 2 (r,s) 

n Jo 7T 



* 2^ \ 

— £ r,s 



r 2 + s 2 



1 

< — , 

" 2^ 7o 



V 2 ( s 2 _ 2)2 gin 2 f cog 2 ; / 2 _ r 2)2 : r */2 

1 L dt < - - 

r 2 cos 2 t + s 2 sin 2 t 2ir 4 



1 



(s 2 - r 2 ) 2 1 



8ir rs 

This means the double inequality (3.9). 
Theorem 3.4. For s > r > 0, we have 



arctan^- tantjg^ 2 ^ = — 



o r 2 cos 2 t + s 2 sin 2 t 

2 r 2 )2 



dt 



16rs 



Proof. Taking 



4 2, X 1 

— k (r, s) 

7H 7rrs 



f(t) = g(t) = 



< 



32rs V s 2 f 2 



□ 



(3.10) 



\/ r 2 cos 2 t + s 2 sin 2 t 



and letting a — and 6 = ^ in Lemma 2.1 figure out 



2 r /2 



2/ 



r z con z t + s z sin t 7r z 



,-K 2 (r,s) - 



7rrs 



< 



1 W 2 (s 2 - r 2 ) 2 sin 2 tcos 2 t 



I 



2 71 " J o (r 2 cos 2 t + s 2 sin 2 t) 

„2 e 2 r n/2 1 



dt 



8tt 



sin t cos t d - 



2 

r z — s 
8tt 



8tt 



2 






/" 

Jo 


,2 


-s 2 






8tt 




POO 


J 


o ( 



sin 2 t 



(r 2 cos 2 t + s 2 sin 2 t) 2 
cos 2 t 



,2 A 2 



dt 



ix /2 



CSC 2 t 



Jo (r 2 cot 2 t + s 2 



dt 



o (r 2 cos 2 t + s 2 sin 2 t) 2 

tt/2 



dt 



sec 2 t 



tt/2 



(r 2 + s 2 A 2 ) 2 



o (r 2 + s 2 tan 2 t 
d\ 



■dt 



32rs \s 2 ^r 2 



The proof is complete. 

Remark 3.2. From (3.10), we easily obtain 



7T /3 2r 2 s 2 -tt(s 4 ~r 4 ) tt / 32r 2 s 2 + tt(s 4 - r 4 ) 

32 ^ r 3 s3 _K(r,S)_-y 327rr 3 s 3 



□ 



(3.11) 



By the software Mathematica, we can show that the double inequality in (3.11) 
and the inequality in [8, Theorem 2] are not contained each other. 



SOME INEQUALITIES FOR COMPLETE ELLIPTIC INTEGRALS 



5 



References 

[1] H. Alzer, Sharp inequalities for the complete elliptic integrals of the first kinds, Math. Proc. 

Camb. Phil. Soc. 124 (1988), no. 2, 309-314; Available online at http://dx.doi.org/10. 

1017/S0305004198002692. 1 
[2] G. D. Anderson, P. Duren, and M. K. Vamanamurthy, An inequality for complete elliptic 

integrals, J. Math. Anal. Appl. 182 (1994), no. 1, 257-259; Available online at http://dx. 

doi . org/10 . 1006/jmaa. 1994 .1080. 1 
[3] G. D. Anderson, S.-L. Qiu, and M. K. Vamanamurthy, Elliptic integrals inequalities, with 

applications, Constr. Approx. 14 (1998), no. 2, 195-207; Available online at http://dx.doi. 

org/10. 1007/S003659900070. 1 
[4] G. D. Anderson, M. K. Vamanamurthy, and M. Vuorinen, Topics in special functions, avail- 
able online at http://arxiv.org/abs/0712.3856. 1 
[5] G. D. Anderson, M. Vuorinen, and X.-H. Zhang, Topics in special functions III, available 

online at http://arxiv.org/abs/1209.1696. 1 
[6] N. S. Barnctt and S. S. Dragomir, On an inequality of the Lupas type, Dcmonstratio Math. 

42 (2008), no. 1, 57-62. 2 
[7] Y.-M. Chu, M.-K. Wang, S.-L. Qiu, and Y.-P. Jiang, Bounds for complete elliptic integrals of 

second kind with applications, Comput. Math. Appl. 63 (2012), 1177-1184; Available online 

at http : //dx . doi . org/10 . 1016/ j . camwa. 201 1 . 12 . 038. 2 
[8] B.-N. Guo and F. Qi, Some bounds for the complete elliptic integrals of the first and second 

kind, Math. Incqual. Appl. 14 (2011), no. 2, 323-334; Available online at http://dx.doi. 

org/10. 7153/mia-14- 26. 1, 4 
[9] F. Qi and Z. Huang, Inequalities for complete elliptic integrals, Tamkang J. Math. 29 (1998), 

no. 3, 165-169; Available online at http: //dx. doi . org/10 . 5556/j .tkjm. 29 . 1998 . 165-169. 1 
[10] F. Qi, D.-W. Niu, and B.-N. Guo, Refinements, generalizations, and applications of Jordan's 

inequality and related problems, J. Inequal. Appl. 2009 (2009), Article ID 271923, 52 pages; 

Available online at http://dx.doi.org/10.1155/2009/271923. 1 
[11] M.-K. Wang and Y.-M. Chu, Asymptotical bounds for complete elliptic integrals of second 

kind, available online at http://arxiv.org/abs/1209.0066. 2 
[12] M.-K. Wang, Y.-M. Chu , S.-L. Qiu, and Y.-P. Jiang, Bounds for the perimeter of an ellipse, 

J. Approx. Theory 164 (2012), 928-937; Available online at http://dx.doi.Org/10.1016/j . 

jat. 2012. 03. Oil. 2 

(Yin) Department of Mathematics, Binzhou University, Binzhou City, Shandong Province, 
256603, China 

E-mail address: yinli_79ai63.com 

(Qi) School of Mathematics and Informatics, Henan Polytechnic University, Jiaozuo 
City, Henan Province, 454010, China 

E-mail address: qifeng618agmail.com, qifeng618ahotmail.com, qifeng618aqq.com 
URL: http : // qif eng6 18 . wordpr ess . com 



